Radiative decays of heavy hadrons from light cone QCD sum rules in the leading order of HQET by Zhu, S L & Dai, Y B
Radiative Decays of Heavy Hadrons From Light-Cone
QCD Sum Rules in the Leading Order of HQET
Shi-Lin Zhu and Yuan-Ben Dai
Institute of Theoretical Physics, Academia Sinica, P.O.Box 2735, Beijing 100080, China
Abstract
The radiative decays of heavy baryons and lowest three doublets of heavy mesons
are studied with the light cone QCD sum rules in the leading order of heavy quark
effective theory.
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1 Introduction
Heavy quark eective theory (HQET) [1] provides a framework to study the heavy hadron
spectra and transition amplitude with the systematic expansion in terms of 1=mQ. Using
the light cone photon wave function (PWF), radiative decay processes like B ! lγ,
B ! γ have been studied [2, 3, 4, 5, 6] with QCD sum rules (QSR) [7]. Recently similar
approach was employed to analyze the couplings of pions with heavy hadrons [8]. In this
work we will study the radiative decays of heavy baryons and lowest three doublets of
heavy mesons using the light cone QSR (LCQSR) [9] in the leading order of HQET. With
LCQSR the continuum and excited states contribution is subtracted more cleanly, which is
in contrast with the analysis of meson radiative decays using the external eld method in
QSR [10]. The LCQSRs for the radiative decays of heavy baryons are presented in section
2. Section 3 discusses radiative decays of lowest three doublets of heavy mesons. The
following section is a discussion of the parameters and the photon wave functions. The last
section is the numerical analysis and a short summary.
2 Radiative decays of heavy baryons




















where a, b, c is the color index, u(x), d(x), hv(x) is the up, down and heavy quark elds, T
denotes the transpose, C is the charge conjugate matrix, gµνt = g
µν − vµvν , γµt = γµ − v^vµ,
and vµ is the velocity of the heavy hadron.
The overlap amplititudes of the interpolating currents with the heavy baryons is dened
as:
h0jΛji = fΛuΛ ; (4)





where uµΣ is the Rarita-Schwinger spinor in HQET. In the leading order of HQET, fΣ = fΣ
[11].
The coupling constants i are dened through the following amplitudes:
M(c ! cγ) = ie1uΛcµνqµeνuΣc ; (7)
M(c ! cγ) = ie2µναβ uΛcγνqαeβuµΣc ; (8)
M(c ! cγ) = ie3µναβ uΣcγνqαeβuµΣc ; (9)
where eµ and qµ are the photon polarization vector and momentum respectively, e is the
charge unit.
In order to derive the sum rules for the coupling constants we consider the correlator∫






d4x e−ikxhγ(q)jT (µΣ(0)Λ(x)) j0i =




















t )(eαqν − eνqα)GΣ,Σ(!; !0) ; (12)
where k0 = k − q, qtµ = qµ − (q  v)vµ, ! = 2v  k, !0 = 2v  k0 and q2 = 0.
Let us rst consider the functions GΣ,Λ(!; !
0) etc in (10)-(12). As functions of two
variables, they have the following pole terms from double dispersion relation
−4i1fΣfΛ
(2Σ − !0)(2Λ − !) +
c
2Σ − !0 +
c0




(2Σ − !0)(2Λ − !) +
c
2Σ − !0 +
c0





(2Σ − !0)(2Σ − !) +
c
2Σ − !0 +
c0
2Σ − ! ; (15)
where fΣ etc are constants dened in (4)-(6), Σ = mΣ −mQ.
Keeping the two particle component of the photon wave function, the expression for
GΣ,Λ(!; !







+[CiST (−x)Cγµ]hγ(q)ju(0)u(x)j0iγ5]g ; (16)
where iS(−x) is the full light quark propagator with both perturbative term and contri-
bution from vacuum elds.
















Gµν(ux)γνg+    : (17)
The light cone two-particle photon wave functions are [2]:
< γ(q)jq(x)µνq(0)j0 >= ieqehqqi
∫ 1
0
dueiuqxf(eµqν − eνqµ)[(u) + x2g1(u)]
+[(qx)(eµxν − eνxµ) + (ex)(xµqν − xνqµ)− x2(eµqν − eνqµ)]g2(u)g ; (18)






dueiuqx (u) : (19)




µAµ(ux)) has been omitted. The (u);  (u) is associated with the leading
twist two photon wave function, while g1(u) and g2(u) are twist-4 PWFs. All these PWFs
are normalized to unity,
∫ 1
0 du f(u) = 1.
Expressing (16) with the photon wave functions, we arrive at:
GΣ,Λ(!; !





















hqgs Gqi)g+    : (20)
Similarly we have,
GΣ,Λ(!; !
0) = GΣ,Λ(!; !0) ; (21)
GΣ,Σ(!; !



















hqgs Gqi)[(u) + t2(g1(u)− g2(u)]g+    ; (22)
where hqqi = −(225MeV)3, hqgs  Gqi = m20hqqi, m20 = 0:8GeV2. For large Euclidean
values of ! and !0 this integral is dominated by the region of small t, therefore it can be
approximated by the rst a few terms.
3
After Wick rotations and making double Borel transformation with the variables !
and !0 the single-pole terms in (13)-(15) are eliminated. Subtracting the continuum con-
tribution which is modeled by the dispersion integral in the region !; !0  !c, we arrive
at:
1fΣfΛ = − 164pi4 (eu − ed)ae
ΛΣ+ΛΛ
T f(u0)T 4f3(ωcT )














T f(u0)T 4f3(ωcT )
























(g1(u0)− g2(u0))]g ; (25)





is the factor used to subtract the continuum, !c is the
continuum threshold. u0 =
T1
T1+T2
, T  T1T2
T1+T2
, T1, T2 are the Borel parameters a =
−(2)2hqqi. We have used the Borel transformation formula: B^Tω eαω = (− 1T ).
Due to the heavy quark symmetry, Σ = Σ and fΣ = fΣ in the limit mQ !1. So
from (23) and (24) we have 2 =
p
31. For the decays 
0
c ! 0cγ and ++c ! ++c γ, we
need make replacement (eu + ed) ! 2ed; 2eu in (25).
3 Radiative decays of heavy mesons
We shall conne ourselves to the lowest lying three doublets and consider all possible
radiative decay processes among them in the leading order of 1=mQ expansion. Denote the
doublet (1+; 2+) with j` = 3=2 by (B1; B

2), the doublet (0





and the doublet (0−; 1−) by (B;B).


































































5γαt q : (29)
4
 (1+; 2+) ! (0−; 1−) + γ
The decay amplitudes are










t )− ($ )]g2D(B1; B) + µαβσgS(B1; B)g ; (30)
where the tensor structure associated with g1D(B1; B
) and g2D(B1; B
) is symmetric
and antisymmetric under the exchange of ($ ) respectively.





t )gD(B1; B) + g
αβ
t gS(B1; B)g ; (31)
M(B2 ! Bγ) = eqeeβα1α2qνvσ[βνα1σqα2t + (1 $ 2)]gD(B2 ; B) ; (32)



















t ) + (1 $ 2)]g2D(B2 ; B) + [eα1t gα2βt + (1 $ 2)]gS(B2 ; B)g ;
where µν , µ and µ are polarization tensors for states 2
+, 1+ and 1− respectively
and eqe is the light quark electric charge.
Due to heavy quark symmetry, there exist only two independent coupling con-
stants for the D-wave and S-wave decay respectively. Let gd  gD(B2 ; B) and






























) = gd : (34)
The above relation is conrmed by our detailed calculation.



















(!; !0) + eαt G
S
B1B
(!; !0)g : (35)
The functions GD,SB1B(!; !


















− ! ; (36)
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where P,j` = mP,j` −mQ and fP,j` are constants dened as:
h0jJα1αjj,P,j` (0)jj0; P 0; j
0
`i = fPjljj0PP 0j`j0`
α1αj : (37)



















































































Here we have used integration by parts to absorb the factor (q  v)2, which leads to
the second derivatives in (41). In this way we arrive at the simple form after double
Borel transformation.
 (0+; 1+) ! (0−; 1−) + γ
There exists only one independent coupling constant, corresponding to S-wave decay.
The decay amplitudes are:
M(B01 ! Bγ) = eqeµσαβeµvσ0αβgS(B01; B) ; (42)
where 0α is the polarization vector of B
0
1.
M(B01 ! Bγ) = eqeeα0αgS(B01; B) ; (43)
M(B00 ! Bγ) = eqeeβt βgS(B00; B) : (44)
The process B00 ! Bγ is forbidden due to parity and angular momentum conserva-




) = gS(B01; B) = −gS(B00; B)  g1 : (45)














































 (1+; 2+) ! (0+; 1+) + γ
There exists only one independent coupling constant, corresponding to P-wave decay.
The decay amplitudes are:





t ) + ($ )]g1P (B1; B01)
+(qαt g
βµ
t − qβt gαµt )g2P (B1; B01)g ; (49)
M(B1 ! B00γ) = eqeµσνααeµvσqνgP (B1; B00) ; (50)





t ) + (1 $ 2)]gP (B2 ; B00) ; (51)





t ) + (1 $ 2)]gP (B2 ; B01) :
(52)






















1)  g2 :
(53)


























































 B01 ! B00γ
M(B01 ! B00γ) = eqeαµνσ0αeµqνvσg3 : (57)
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f (u) + hqqi[(u)


















(g1(u0)− g2(u0))]g : (60)
 B ! Bγ
M(B ! Bγ) = eqeαµνσαeµqνvσg4 : (61)



























f (u) + hqqi[(u)
+t2 (g1(u)− g2(u))]g+    : (63)
Note this coupling was calculated in [3] using LCQSR. But there the contribution

















(g1(u0)− g2(u0))]g : (64)
 B2 ! B1γ



























































































4 Determination of the parameters
The leading photon wave functions receive only small corrections from the higher conformal
spins [9] so they do not deviate much from the asymptotic form. We shall use [4]
(u) = 6uu ; (69)
 (u) = 1 ; (70)
g1(u) = −1
8




with f = 0:028GeV2 and  = −4:4GeV2 [13] at the scale  = 1GeV. Using this value of ,
the octet, decuplet and heavy baryon magnetic moments have been calculated to a good
accuracy [14, 15, 16].
We need the mass parameters ’s and the coupling constants f ’s of the corresponding
interpolating currents in the leading order of s as input. The results are [11, 8]
Λ = 0:8 GeV fΛ = (0:018 0:002) GeV3 ;
Σ = 1:0 GeV fΣ = (0:04 0:004) GeV3 : (73)
+,3/2 = 0:82 GeV f+,3/2 = 0:19 0:03 GeV5/2 ;
+,1/2 = 1:1 GeV f+,1/2 = 0:40 0:06 GeV3/2 ;
−,1/2 = 0:5 GeV f−,1/2 = 0:25 GeV3/2 : (74)
We choose to work at the symmetric point T1 = T2 = 2T , i.e., u0 =
1
2
. Such a choice
is very reasonable for the symmetric sum rules (25), (60), (64) and (68) since c and c,
and the three meson doublets are degenerate in the leading order of HQET. Moreover, the
mass dierence between c and c is only about 0:2GeV. The (0
+; 1+) doublet lies only
slightly below (1+; 2+) doublet. Due to the large values of T1, T2 used below, the choice of
T1 = T2 is also reasonable for sum rules (23) and (56).
Note the choice T1 = T2 is not unique for the asymmetric sum rules (40), (41) and (48)
since the initial and nal mesons have dierent masses. But the choice T1 = T2 will enable
9
the clean subtraction of the continuum contribution, which is cruicial for the numerical
analysis of the sum rules. In our case the sum rules are stable with reasonable variations
of the Borel parameter T1 and T2. Such a choice does not alter signicantly the numerical
results. Based on these considerations we adopt u0 =
1
2
for for the sum rules (40), (41)
and (48) too.
5 Numerical results and discussion
5.1 Numerical analysis of the baryon sum rules
We now turn to the numerical evaluation of the sum rules for the coupling constants.
Since the spectral density of the sum rule (23)-(25) (s) is either proptional to s2 or s3, the
continuum has to be subtracted carefully. We use the value of the continuum threshold
!c determined from the corresponding mass sum rule at the leading order of s and 1=mQ
[11].
The lower limit of T is determined by the requirement that the terms of higher twists
in the operator expansion is reasonably smaller than the leading twist, say  1=3 of the
latter. This leads to T > 1:3 GeV for the sum rules (23)-(25). In fact the twist-four terms
contribute only a few percent to the sum rules. The upper limit of T is constrained by
the requirement that the continuum contribution is less than 50%. This corresponds to
T < 2:2GeV.
The variation of 1,3 with the Borel parameter T and !c is presented in FIG. 1 and
FIG. 2. The curves correspond to !c = 2:4; 2:5; 2:6GeV from bottom to top respectively.
Stability develops for the sum rules (23) and (25) in the region 1:3 GeV <T<2:2 GeV, we
get:
1fΣfΛ = (7:0 0:9) 10−4GeV5 ; (75)
3fΣfΣ = (3:9 0:5) 10−4GeV5 ; (76)
where the errors refers to the variations with T and !c in this region. And the central
value corresponds to T = 1:6GeV and !c = 2:5GeV.
Combining (73) we arrive at
1 = (1:0 0:2)GeV−1 ; (77)
3 = (0:24 0:05)GeV−1 : (78)
5.2 Numerical analysis of the meson sum rules
We now turn to the numerical evaluation of the sum rules for the coupling constants. The
lower limit of T is determined by the requirement that the terms of higher twists in the
operator expansion is less than one third of the whole sum rule. This leads to T > 1:0
GeV for the sum rules (40), (41), (48), (56), (60), (64) and (68). In fact the twist-four
terms contribute only a few percent to the sum rules for such T values. The upper limit
of T is constrained by the requirement that the continuum contribution is less than 30%.





obtain the left hand side of these sum rules as functions of T . The continuum threshold
is !c = 3:0  0:2GeV except !c = 2:4  0:2GeV for the sum rule (64). Stability develops




































= −(2:3 0:3) 10−2 GeV2 ; (85)
where the errors refer to the variations with T in this region and the uncertainty in !c.
And the central value corresponds to T = 1:5GeV and !c = 3:0 0:2GeV except that we
use !c = 2:4 0:2GeV for the sum rule (64).
With the central values of f’s in (74) we get the absolute value of the coupling constants:
gd = −(0:63 0:10) GeV−2 ; (86)
gs = −(0:40 0:05) ; (87)
g1 = −(0:20 0:06) ; (88)
g2 = −(0:72 0:07) GeV−1 ; (89)
g3 = (1:8 0:3) GeV−1 ; (90)
g4 = (1:4 0:2) GeV−1 ; (91)
g5 = −(0:64 0:08) GeV−3 : (92)
Note we have only considered the uncertainty due to the variations of the Borel pa-
rameter and the continuum threshold in the above expressions. There are other sources
of uncertainty. The input parameters  and f are associated with the photon distribution
amplitude. Especially the value of  has been estimated with QCD sum rules [13] and
with the octet baryon magnetic moments as inputs using the external eld method [15].
Both approaches yield consistent results   −4:4 GeV. With this value the octet, decu-
plet and heavy baryon magnetic moments derived using the external eld method are in
good agreement with the experimental data. So we expect its accuracy is better than 30%.
The value of f has been estimated with the vector meson dominance model also with an
accuracy of 30% [2].
The light cone sum rules for the coupling constants gi and the mass sum rules for the
heavy hadrons in HQET both receive large perturbative QCD corrections. But their ratio
does not depend on radiative corrections strongly because of large cancellation [17]. In the
present case, the uncertainty of the coupling constants gi due to radiative corrections is
expected to around 10% while the couplings fΛ etc are aected signicantly.
Another possible source of error is the truncation of the light cone expansion at twist
four. We take the sum rules for 1 for example. At T = 1:5 GeV, the twist-four term
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involved with g1; g2 is only −2:5% of the leading twist term after making double Borel
transformation to (20). Even after the subtraction of the continuum and excited states
contribution the twist-four term is only −15% of the twist-two one in (23). So the light
cone expansion converges quickly. We expect the contribution of higher twist distribution
amplitudes to be small.
We have calculated the coupling constant in the leading order of HQET. The 1=mQ
correction is sizable for the charm system. But for the bottom system the 1=mQ correction
is typically around 5%  10% for the pionic coupling constants [8]. We expect the 1=mQ
correction to the electromagnetic coupling constants is of the same order. The inherent
uncertainty of the method of QCD sum rules is not included, which is typically about 10%.
5.3 Decay widths of heavy hadrons
With these coupling constants we can calculate the decay widths of heavy hadrons.
The decay width formulas in the leading order of HQET are
Γ(b ! bγ) = 421j~qj3 ;

















g2dj~qj5 + g2s j~qj) ;





g2dj~qj5 + g2s j~qj) ;






Γ(B2 ! Bγ) = e2q(
64
45
g2dj~qj5 + 4g2s j~qj) ;
Γ(B01 ! Bγ) = e2qg21j~qj ;





















, mi, mf is the parent and decay heavy hadron mass.
We apply the leading order formulas obtained above to the excited states of bottomed
hadrons using the central values of the coupling constants in the previous section.












































































The uncertainty of the decay width is typically about 30%.
We do not present numerical results for the radiative decay widths for the charmed
hadrons since 1=mQ corrections are sizable for the charm system while such corrections are
only a few percent of the leading order term for the bottom system [8].
In summary we have calculated the coupling constants of photons with the heavy
baryons and the lowest three heavy meson doublets using the light cone QCD sum rules
with the photon wave functions in the leading order of HQET. We hope these calculations
will be tested in the future experiments.
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Figure Captions
FIG. 1. Dependence of fΣfΛη1 on the Borel parameter T for different
values of the continuum threshold ωc. From top to bottom the curves
correspond to ωc = 2.6, 2.5, 2.4 GeV.
FIG. 2. Dependence of fΣfΣη3 on T with ωc = 2.6, 2.5, 2.4 GeV.




on T with ωc = 3.2, 3.0, 2.8 GeV.




on T with ωc = 3.2, 3.0, 2.8 GeV.









on T with ωc = 3.2, 3.0, 2.8 GeV.
FIG. 7. Dependence of g3f2+, 1
2
on T with ωc = 3.2, 3.0, 2.8 GeV.
FIG. 8. Dependence of g4f2−, 1
2
on T with ωc = 2.6, 2.4, 2.2 GeV.
FIG. 9. Dependence of g5f2+, 3
2
on T with ωc = 3.2, 3.0, 2.8 GeV.
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